In this paper, we introduce a class of Lindley and Weibull distributions (LW) that are useful for modeling lifetime data with a comprehensive mathematical treatment. The new class of generated distributions includes some well-known distributions, such as exponential, gamma, Weibull, Lindley, inverse gamma, inverse Weibull, inverse Lindley, and others. We provide closed-form expressions for the density, cumulative distribution, survival function, hazard rate function, moments, moments generating function, quantile, and stochastic orderings. Moreover, we discuss maximum likelihood estimation and the algorithm for computing the parameters estimates. Some sub models are discussed as an illustration with real data sets to show the flexibility of this class.
Introduction
The survival analysis is imperative aspect for statisticians, engineers, and personnel in other scientific fields, such as public health, actuarial science, biomedical studies, demography, and industrial reliability. Several lifetime distributions have been suggested in statistics literature for modeling survival data. Of these distributions two types grabbed the attention of the researchers for fitting lifetime data: Weibull distributions and Lindley distributions. The choice between the two types is due to the nature of hazard rate. Extensive research, Bagheri et al. [1] , exists on Weibull and its modifications. On the other hand, many types of Lindley distributions and modifications have been developed as alternatives to Weibull distributions. For references, see Ghitany et al. [2] and Alkarni [3] .
The remainder of this paper is organized as follows: In Section 2, we define the class of Lindley and Weibull (LW) distributions and show that many existing distributions belong to this class. The LW properties, such as survival function, hazard rate function, moments, moment generating function, quantile, and stochastic orderings, are discussed in Section 3. In Section 4, some special cases of the LW class are introduced to show the flexibili-ty of this class in generating existing distributions. Section 5 contains the maximum likelihood estimates of the LW class and the relevant asymptotic confidence interval. Two real data sets are introduced in Section 6 to show the applicability of the LW class. In Section 7, we introduce a conclusion to summarize the contribution of this paper.
The Class of Lindley and Weibull Distributions
In this section, we introduce simple forms of cumulative distribution function (cdf) and probability distribution function (pdf) for the LW class.
Definition. Let
( )
; H x η be a non-negative monotonically increasing function that depends on a nonnegative parameter vector 0 η > , we define the cdf for any random variable of the LW class to be ( )
; , , 1 1 ; e ; , , 0, 0.
The corresponding pdf becomes ( )
; , , 1 ; ; e ; , , 0, 0. 
Many Lindley types and Weibull types of distributions are members of the LW class, depending on the choice of the function ( ) ; , H x η θ and β . Some examples are listed in Table 1 . The pdf(2) can be shown as a mixture of two distributions, as follows:
the survival and hazard rate functions are given, respectively, by ( 
and 
Moments and Moment Generating Function
The th r moments and the moments generating function (mgf) for an LW class can be obtained by direct integration as follows: 
As a special case, if we let 
and, hence, the mean and the variance are 
The mean and the variance, then, are 
Quantile and Stochastic Orderings
Theorem 1. Let X be a random variable with pdf as in (2), the quantile function, say
, and ( ) 
Stochastic ordering of positive continuous random variables is an important tool for judging the comparative behavior. A random variable X is said to be smaller than a random variable Y in the following contests:
The following implications (Shaked & Shanthikumar, [18] ) are well known in that
The following theorem shows that all members of the LW class are ordered with respect to "likelihood ratio" ordering. 
and, hence, , and . 
and, hence, , and .
Special Cases

Lindley Distribution
The original Lindley distribution (L), proposed by Lindley [12] , is a special case of LW class, with 
Power Lindley Distribution
Power Lindley distribution (PL), introduced by Ghitany et al. [14] , is a special case of LW class with 
Extended Power Lindley Distribution
Extended power Lindley distribution (EPL), introduced by Alkarni [3] , is a special case of LW class with (5) and (6) (12), the mean and the variance of the EPL distribution are given, respectively, by α α α θ β β µ σ α θ β α θ β β α θ β β α α α α θ θ β α θ θ β
Inverse Lindley Distribution
Inverse Lindley (IL) distribution, proposed by Sharma et al. [13] , is a special case of the LW class with (7) and (8), Figure 4 shows the pdf and hrf of the IL distribution for some choices of . 
The Generalized Inverse Lindley Distribution
The generalized inverse Lindley (GIL) distribution, proposed by Sharma et al. [15] , is a special case of LW class with Figure 5 shows the pdf and hrf of the GIL distribution of some selected choices of α and θ . The th r row moment of the generalized inverse Lindley distribution, using (10) , is given by ( )
The mean and the variance of the generalized inverse Lindley distribution are given, respectively, by
Extended Inverse Lindley Distribution
The extended inverse Lindley (EIL) distribution, proposed by Alkarni [17] , is a special case of the LW class with Figure 6 shows the pdf and hrf of the EIL distribution for some choices of , θ β , and α .
The th r row moment of the EIL distribution, using (9), is given by Table 2 . Carbon fiber tensile strength. Table 3 .
Estimation and Inference
For the second data set, we demonstrate the applicability of the IL, GIL, and EIL, as well as the inverse Weibull (IW) and the generalized inverse Weibull (GIW) models. Table 4 represents the flood levels for the Susquehanna River at Harrisburg, Pennsylvania, over 20 four-year periods from 1890 to 1969. This data has been used by several authors and was initially reported by Dumonceaux & Antle [21] .
The MLEs of the parameters, the Kolmogorov-Smirnov statistic (K-S) with its respective p-value, and the maximized log likelihood (logL) for the above distributions are given in Table 5 according to their performance. The fitted densities and the empirical distribution versus the fitted cumulative distributions of all models for this data are shown in Figure 9 and Figure 10 , respectively.
Concluding Remarks
We define a new family of lifetime distributions, called the LW family of distributions, that generates Lindley and Weibull distributions. The LW class contains many lifetime subclasses and distributions. Various standard mathematical properties were derived, such as density and survival hazard functions, moments, moment generating function, and quantile function, and were introduced in flexible and useful forms. The maximum likelihood method was used for parameter estimation using the EM algorithm. Finally, some special models were introduced and fitted to real datasets to show the flexibility and the benefits of the proposed class.
